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Let X be an abelian variety over an algebraically closed field k, assuming that 
either k = C or that k is the algebraic closure of a finite field. In [BN] and [W2] we 
considered the convolution product K * L for complexes K and L in the bounded 
derived category D b c {X,A) where the coefficient field A is either C for k = C or 
A = Q/. The convolution product is defined, using the group law a : X xX ^ X 
of the abelian variety X, as the derived direct image complex K*L = Ra*(KML). 
This convolution product makes (D£(X,A),*) into a rigid triangulated symmetric 
monoidal A-linear category; its unit object is the skyscraper sheaf 80 concentrated 
at zero. For further details we refer to [W2]. For a complex K let D(K) denote its 
Verdier dual and K y = {—id x )*D(K) its rigid dual. 

For most of our applications the decomposition theorem and the hard Lef- 
schetz theorem for perverse sheaves are essential perequisites. For this reason we 
specify a full triangulated A-linear tensor subcategory (D,*) C (D*(X,A),*) as in 
[KrW, example 6] so that among others objects in D are semisimple, the decom- 
position theorem holds and also the hard Lefschetz theorem. In particular there 
is a perverse f-structure and perverse cohomology functors P H'(K) e P are defined 
for K in D, where P c D is an abelian subcategory of perverse sheaves defined by 
a perverse f-structure on D with core P. If we speak of perverse sheaves on X we 
always mean objects in this category P. Furthermore D and P are stable under 
twists K n> K x = K <g) Ax L x with respect to local systems L x defined by the char- 
acters x of the fundamental group 7Ti(X,0) of X in the sense of [KrW] and stable 
under K \-> T*(K) for translations T x (y) =y + x with respect to closed points x e X. 

Evaluation morphisms. We discuss properties of the symmetric monoidal 
rigid triangulated A-linear tensor category (D, *) with the tensor product * defined 
by the convolution (see [BN] and [KrW], also for the notations used). The in- 
decomposable objects K in D have the form K = P[n] for irreducible PgP and 



neZ. Every object in D decomposes into a finite direct sum of indecomposables. 
Since Endp(P[n]) = A-id P [ n u the Krull-Schmidt theorem holds in D. By rigidity 
[W2] for an irreducible perverse sheaf K on an abelian variety X in P there exists 
a coevaluation morphism 

coevK '■ 5q — >• K*K y 

corresponding to the identity id K via Hom Db ^ x ,A){K,K) = Hom^x A) (5q,K * K v ). 
Similarly one has the evaluation morphism 

eval K :K v *K^5 

so that the composition of the induced morphisms (idK * eval K ) o ass o (coevK*idK) 
K = 5q*K->(K*K w )*K^K*(K v *K)->K*5o = K 

is the identity morphism idK :K^K. There is a similar dual identity for K w . 

Remark. (K v ,eval K ) attached to an object K is unique up to isomorphism (see 
[CT,p.l20]). We use this together with the following simple facts (see [D,1.15]). 

a) Suppose K is a retract of L defined by an idempotent e e End D (L) admitting 
a direct sum (i.e. biproduct) decomposition. Then for K v , considered as a retract 
of L v defined via the dual idempotent e v , this gives a retract i : K v * K ^ L v * L so 
that evalK = eval^ ° l holds. 

b) For K = A © B the evaluation eval K is obtained as eval A + eval B using the 
projection K w * K -» (A v * A) © (B v * B) . 

c) For K = A *B using A" v = (A*B) y * (A*B) = (A v *A) * (B y *B) the evalua- 
tion morphism of K v *K — >• 80 is obtained as the tensor product eval K = eval A *eval B . 

The symmetry constraints of the tensor category define isomorphisms 

S:K*K W ^K W *K 

such that the composed morphism eval K °So coev K 

8o^K*K w So , 

considered as an element of Hom o (8 , <5 ) = A, is the multiplication with the cate- 
gorial dimension of K; in our case the categorial dimension is the Euler character- 
istic x(K) = E i (-l) , 'dim A (# , '(X,X')) of the complex K. 
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For a morphism p : K -> L the transposed morphism p v : L v ->■ K y is defined as 
(eva/i * jc?a:v ) o (/d L v * p * idic ) o (/ diy * coevx) . Together with K K y this induces a 
tensor equivalence with the opposite category so that (K y ) y = K and (p v ) v = p in 
the sense of [CT,2.5]. There exists an isomorphism <p : (K yy *K y ) y = K*K y such 
that coev K = cpo (eval K >) y ■ Using the duality isomorphisms d K .L :L y *K y ^ (K*L) y 
defined by (evali * id^ KlfL y ) o ( idiy * eval K * idi * id( K * L y ) o (idiy * idgv * coevK*L) more 
concretely (coev K ) v oD = eval K >, for D = d KiK v . 

Prime components. By the decomposition theorem K y *K is semisimple. 
Hence K y *K = ; PH l (K y *K)[-i] and any PH l (K y *K) decomposes into a di- 
rect sum 0Py of irreducible perverse sheaves P l v . Using this decomposition 
the evaluation can be written as a sum eval K = Y,v,i ev vj with morphisms ev v j € 
Hom D (Pl[-i],8o). Since 



has dimension one, there exists a unique exponent i = v K and a unique simple 
perverse constituent & K of p H'(K*K y ) such that evalK factorizes over & K [—i]. 
All the other morphisms ev v j are zero. This gives a commutative diagram 



where poi = id is the identity morphism. In the following arrows ^ and -» 
always indicate retracts i and the corresponding projections p obtained from direct 
sum decompositions, which makes sense in any A-linear tensor category (D,*). 
Since for an arbitrary rigid symmetric monoidal A-linear tensor category eval K = 
implies id K = and hence K = 0, this shows p ^ 0. 

The distinguished irreducible component @>k will be called the prime compo- 
nent of the irreducible perverse sheaf K and v K its degree, and in the case v K > 
the perverse sheaf & K will be called a prime perverse sheaf or prime on X. Notice 
that the degree always satisfies v K > 0. 

This follows from the perverse vanishing conditions 



Hom D (K,K)= Homn (K S/ *K,6 ) 



K y *K 



&k[-Vk] 




Hom D (M,N[r])=0 
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for M,N e P and r < 0, applied for the objects and <5 in P. 

From the definition of &k[vk] and the existence of the symmetry isomorphism 
5 : K*K y = K y *K it is clear that 9* ^ and v^v = v K . Therefore passing to the 
dual using coevK = <p ° (eva/^v) 7 for some isomorphism <p : (/T vv *,K V ) V = K*K y 
and ^^[— V/f] v = ^x-[+Vat] we obtain a commutative diagram 



Using the perverse vanishing condition for morphisms and the adjunction for- 



and Homv{K*L,8o) = Hom\y(L,K y ) for K,L e D it follows that J^ >0 (K*L) = 
holds for perverse sheaves K,L e P. Hence the following assertions 5, 6, 7 and 9 
of lemma[T]are an immediate consequence in view of the hard Lefschetz theorem. 

Lemma 1. Suppose K e P is an irreducible perverse sheaf on X, then 

1. is irreducible and 8P K — ^ic and v K >> = v K - 

2. < Vk < dim(X), and Vk = dim(X) iffK is translation invariant under X. 

3. Vk = iffK is in M(X), i.e. iff x{K) ^ holds for the Euler characteristic. 
In this case = <5o- 

4. v K >0 iffK is in E(X), i.e. iffx(K) = 0. 

5. (P, v) = i&K, Vk) is uniquely characterized by the property: P[—v] is a sum- 
mand ofK v *Kwith Ji?~ v (P) ^ 0. We remark that then this stalk is dual to 
End\y(K) and hence isomorphic to A (see also [BN, cor.2]). 

6. ^k[^Vk] has multiplicity one inK*K y and 2?k\p\ ^ K y *K implies \n\ < Vk- 

7. x G supp(Jtf°(@ > K [-v K \)) iffT*(K) ^ K (this describes the stabilizer ofK). 

8. v Kx = v K , H(K) = fi(K x ) and = {^ K ) x for twists K x ofK. 



K*K y 




mulas 



Hom B (K,8o[n]) = J?- n (K)* 
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9. v K = n(& K ). 



where for a complex G in D we define 

H(G) = max{v | Jif~\G) = for all i < v} . 



Proof. For property 8 use that twisting with a character defines a tensor func- 
tor (see [KrW]). The symmetry isomorphism S : K v * K = K*K V together with 
property 5 gave £P K v = and v^v = v K - For property 2 notice that the perverse 
cohomology of the direct image Ra*(K v MK) vanishes in degree > dim(X), and 
for v K = dim(Z) one easily shows a* (& K )[&\m(X)] ^ K y MK. Hence &> K [dim(X)] ^ 
K®M"{K y ) {) by restriction to {0} x X, and hence & K 9* K. Then T*(K) ^ K for all 
x e X follows by restriction to {x} x X. The proof of property 3 and 4 follows from 
the next commutative diagram, whose right side stems from the hard Lefschetz 
theorem (see also [BN, 2.6]) 




The two middle horizontal arrows define 0^ o ^[2v - v K ] as a retract of K*K y 
using S : K*K V = K y *K. The middle vertical arrow on the right is an isomor- 
phism respecting the direct sum decomposition 0vlo^M 2v ~~ v k] © rest - The 
existence of such a decomposition follows from the hard Lefschetz theorem, since 
the symmetry 5 can be chosen so that it commutes with the Lefschetz maps L. In- 
deed, by defining the Lefschetz morphism L : K y *K — > K y *K[2](l) as L = Ra*(ri) 
where T] :K y MK ^K y mK[2](l)) is induced by the cup-product of K y MK with the 
morphism A — > A[2](l) defined by an ample theta divisor of X x X whose Chern 
class is symmetric with respect to the switch C7 12 (x 1 ,x 2 ) = (x 2 ,x\), it suffices to 
know that S = Ra^Xj/) holds for some isomorphism y : K y MK = g* 2 (K^K v ). 
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For this see [BN, 2.1]. Since coev K : 5q — >• K y *K factorizes over ^k[+ v k] and 
since Homo{^^[-\-VK], &k[— Vk]) vanishes unless Vk < —Vk and hence Vk = 0, this 
proves assertion 3 and 4 taking into account the discussion of the case Vk = given 
in [KrW]. □ 

We will show @> K = S? K later in lemma [3] Using this, the lower right part of 
the last diagram is contained (Bl K =o 3*k[2v - v K ] using the fact that both £? K [±v K ] 
appear with multiplicity one as a direct summand in K v * K. Notice, that both 
morphisms p and cr are nontrivial morphisms in the category D. 

Besides the above 'prime component' diagram there are similar commutative 
diagrams for semisimple perverse objects P in P. 

For P = ^jiiiiPi and irreducible P, 6 P such that P, ^ P ; for i ^ j there are com- 
mutative diagrams 



00 

evalp 

P V *P- 



L evalp. 

J0 ( - mf-py*Pi 



Li tropi 



Also the following diagrams are commutative. Notice, part of the next diagram 
is displayed already in the last diagram. However, the next two diagrams are 
commutative also in the reverse direction, i.e. with the additional arrows inserted. 
This follows from Homo(P y *Pj, 8 ) = //om D (P ; ,p) = for irreducible P, ^ Pj in P. 
The lower diagram is obtained from the upper one by Tannaka duality 



O : 

evalp 

P v *p: 



E; tr°Pi 



2 

i ""j 



evalp. 

30,- mj-py*Pr 



iP r -v 



P*P V 



coevp 



•©i mj-Pi*P> 



©/©vlo^r^Pv-vpJ 



ijCoevp 



5o 



Example. For irreducible perverse sheaves K on A and L on B and K M L on 
A x B we have &> mL = ^k^S^l and v^z, = v K + v L so that J^-'^g B ^> L ) is 
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a skyscraper sheaf with stalk cohomology J^~ Vk ~ Vl {^ k M 0> l )o — A at the point 
zero for i = v K + v L , and vanishes for i <v K + v L . 

Example. An irreducible perverse sheaf K is negligible if it has the form 

K = 8%*M , 8% := i*(A B )[dim(B)] v 

for an irreducible M e M(X) (see also [KrW]), a nontrivial abelian sub variety i : 
B <->X and a twist by a character i/a: 7Ti(Z,0) -> A*. Then /r*/<: v ^ (H'(X,S B )® A 
8g) * (M*M V ). This allows to compute coev B and cocvm separately. Hence the 
prime component is 

gV=jg , v g = dim(g) 

by assertion 3) of lemma [T] Indeed for an irreducible perverse sheaf M 6 M(X) we 
have = <>o. The above formula for is a special case of 

v F = v K + dim(A) , F = p*(K)[dim(A)] 

for quotient morphisms p:X -^B =X/A, which by an isogeny is easily reduced to 
the case X = Ax B where p is the projection to the second factor and F = 8a H K. 
Then the assertion is obvious. Indeed for KML on Ax B and K e Perv(A,A) and 
L G Perv(B,A) one has v^m = + v t . 

Tensor ideals. Semisimple complexes, whose irreducible perverse constituents 
(with shifts) are translation invariant by nontrivial abelian subvarietes, resp. whose 
constituents have Euler characteristic zero, define tensor ideals N and in the 
tensor category (D,*) so that N C Ng. One can show that a complex K is transla- 
tion invariant under an abelian subvariety A C X iff all perverse constituents of all 
perverse cohomology sheaves P H'(K) are translation invariant under A. Further- 
more by lemmaCD assertion 7 for vk > an irreducible perverse sheaf is in N £ but 
not in N iff M®{S?k\— Vk]) is a skyscraper sheaf. Let E(X) resp. N(X) denote the 
perverse sheaves in resp. N, and F(X) the isomorphism classes of irreducible 
perverse K in E(X) \N(X). 

Reconstruction. We already know Hom D (K v * K, [—v K ])^0 for irreducible 
K in P. Hence by rigidity Hom D (K,K * &k[— Vk]) 0, so there exists a nontrivial 
morphism K[v K ] — > 3?k*K. Our aim is to show that there exists a retract morphism 
inD 

K[vk]^&k*K- 

'An equivalent definition is, that there exists an isogeny g : A x B — > X such that g*(K) — 
K&H As[dim(S)] for some abelian subvariety B ^ and some K G Perv(A,A) 
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By the decomposition theorem d K *K = L V L[— v] holds for certain simple per- 
verse sheaves L and v e Z. By the rigidity (and strictness) of the additive category 
D the morphism idx K = So * K ^ K * K v * K ^ K * 80 = K then 'factorizes' in the 
form id.R = Ll,v v l,v «l,v Hence for some L and some v 




L[V K ~V] 



there exists a nontrivial morphism w = u Ly and v = v L v in D as in the diagram, so 
that vom^O. Warning: The lower left of the diagram may not be commutative. 

Existence of a nontrivial morphism v from L[vk — v] to K * do in D implies 
Vk — v < 0. Existence of a nontrivial morphism u in D from 80 * K to L[vk — v] 
implies v^- — v > 0. Hence v = v*-. That vou: K = 8q*K^-L— > K*8ois nontrivial 
then forces u and v to be isomorphisms of perverse sheaves L = K by Endn(K) = 
A • idg- This proves K =5^ [vjc] * ^ or K[— Vk] >■ * ^, and hence by the hard 
Lefschetz theorem 

K[±V K ] ^ ^>l*K . 

Applying this for K v instead of K, by passing to the Tannaka duals we then obtain 
from lemma [H part 1 the desired assertion 

K[±Vk] ^ 0>k*K . 

Together with 

^ K [±v K ] ^ K * K y 

this easily implies 

Lemma 2. For irreducible perverse sheaves K in P and an abelian subvariety 
ACX and homomorphisms f :X — > y the following holds 

1. RMK) = 0iff RM^ K )=0. 

2. KeE(x)iff^ K eE(x). 
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3. K is invariant under AQX iff is invariant under A. 

4. KeN(X)iff& K eN(X). 

5. KeF(X)iff0> K eF(X). 

Proof. Obviously 3) => 4) and 2), 4) =>• 5). For 1) use that Rf* is a tensor 
functor, for 2) use the hereditary property of the class Nsuier (see [KrW]), and for 
3) use T*(K*L) = T*{K) *L for translations T x {y) = x + y for closed points x e A 
together with K[±v K ] ^ &> K *K and & k [±Vk] ^K*K v . □ 

Extremal perverse sheaves. For closed points x e X the skyscraper sheaves 
8 X are in P and T*(5 X ) = So, and K e P iff T* (K) e P. For K, L in P the A-dual of the 
stalk cohomology Jt? n (L v *K) X at x can be identified with Hom D (L v *K,5 x [—n\) = 
Hom D (T*(K),L[-n]), which is zero for n > by the perverse vanishing conditions 
for morphisms. Hence Jif >0 (K* 0> K ) = 0. Since K[±v K ] ^ K* &> K , therefore 

> ~ Vk (K) = Jt? >0 (K[-v K ]) vanishes. For irreducible perverse sheaves K this 
shows the inequality 

v K < H(K) . 



Suppose K gF(X) is extremal in the sense that J^°(K[—Vk]) ^ or equivalently 
that v K = fi{K) holds. We claim that 

v K = n(K) ^> T X *(K) 9* 9> K for some ieX . 

The implication -<= is clear by lemma 1, part 9. For the converse recall that 
K[-v K ] ^ £?k*K and also K[— v K ] * k - Therefore v K = y.{K) implies 

^ jr°(K[-v K }) and hence JT°(^ * A - ) + 0. Notice both ^ and L = 0> y K are 
irreducible perverse sheaves and for irreducible perverse sheaves K and L one has 
J^°(L*K) ^ iff r/(£) ^ L v holds for some x e X (see [BN,2.5] or the computa- 
tions above). This implies T*(K) = £P K for some x e X and proves our claim. 

If K = is a prime perverse sheaf, then K is extremal and furthermore 
~ Vk (K)o o holds. Therefore the argument above shows more, namely that 
we get an isomorphism K = g? K already for x = from the stronger assertion 
J4?(K[-v K ])o C ,^(3P K *K) . However the same argument then applied to the 
retract K[-v K ] ^ &k* K instead of K[-v K ] ^ 3 g %*K then also shows K = 
Therefore in particular K y =K holds for all primes K. 

Using this information we get = g? K for arbitrary simple perverse K. 
Hence if K is extremal, then K w = T^K). If K is extremal and self dual in the 
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sense K w = K, then T£.(K) = K. If K is a prime component, then K is extremal. 
Altogether this implies 

Lemma 3. For an irreducible perverse sheaf K one has Vk < n(K). K is extremal 
in the sense Vk = n{K) iff K is isomorphic to a translate of its prime component. 
IfK is the prime component of an irreducible perverse sheaf then 



Hence in particular v K = \i{3^k) = v& K . 

The identity 3^ K = K for primes K = 2? gives the following commutative dia- 
gram for a prime K, which uses that K[±d] ^ K*K occurs with multiplicity one 
in K * K and also uses K y =K 



K coev '* M S (K*K W ) *K 



j*id K 




■ K * (K v * K) idK * emk , K 



id K *j 



k]*K 



K*K 




for the diagrams 



„ coev K v 

do ^K*K V 

j 

K[V K ] 



K[-v K ] 



Functors. For A-linear tensor functors F between rigid symmetric monoidal 
(not necessarily abelian) A-linear tensor categories F(coev K ) = coev F ^ and also 
F(eval K ) = eval F ^ holds. We will use this for the direct image functor F = Rf* 
which for a homomorphism between abelian varieties 

f:X^Y 

induces a triangulated tensor functor between D(X) C D h c (X,A) and D(F) C D h c (Y, A). 
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Assumption. Suppose Rf*(K) is perverse^ By the decomposition theorem 
Rf*(K) decomposes into nonisomorphic irreducible perverse sheaves P, with mul- 
tiplicities m; 



L:=Rf,(K) = ® i mi -Pi 



Since Rf* is a tensor functor 

Rf*(K*K v ) = L*L V = mf-Pi*py tmrnj-^Pj . 

¥J 

Using lemma[D property 5 of prime components and the adjunction formulas from 
page@]it is easy to see that any irreducible constituent Q of L*L V with Jf°(Q)o ^ 
is contained in the first sum 0,m? • P, * P^, hence is of the form 

Q ^[-v Pj ] . 

Now applying F = Rf* to the prime diagram of K gives the right side of the fol- 
lowing commutative diagram 



£ m? ■ ^ Pl [-V Pi 



RMp) 



pr 



0/0 vlo m?-^.[2v-VpJ 




■Rf*&K[-VK] 

Rf,(pr- VK ) 



®Zo R f*^K[2v-v K } rest 



® v U R f*^K[2v-v K ] rest 



«/,(a) 



R/,('4 



•*/*^!r[+Vjr] 



0,- m?-^.[+v Pj ] 



The lower part of this diagram defines the next commutative diagram 



0,-0vlo mj-^ Pt [2v-v P ] 



■L*L> 



coevp 



0,- m} ■ ^ Pl [+V P ] 



So 



«/.(<+v,) 



*/*^[+V*] 




2 For what follows one also could replace D by some localization Dh with respect to a hered- 
itary class H (see [KrW]), and then it suffices to assume Rf*(K) 6 P#. For complex abelian 
varieties on the other hand the assumption can always be achieved by a generic character twist 
using the relative vanishing theorem of [KrW]. 
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where the retract morphism u is obtained from the right middle diagram using the 
isomorphism S taking into account that the coevaluation map of L ignores the part 
of the last diagram entitled 'rest' . Altogether this defines a morphism 

Rf* &k i+v K ] — )• m] ■ & Pi [2 v - v Pi ] 

i v=0 

whose 'image' is contained in ; mj ^ Pj [+Vp] and, without loosing information, 
can be considered as a morphism R/^^kI+Vk] — > 0, m 2 ■ 3? P \+vp]. For L ^ 
from the definition it is clear that for each i the composed morphism 

i 

is nontrivial. Indeed, if pr t o p o v o u o j +Vx would be zero, then also the composition 
with Rf*(o), which is fr v o cr, ^ 0, would be zero. The same argument also implies 
Rf*(o) ^ 0. Hence we can repeat this argument in the other direction to show that 
the composed morphism Rf* (pr) oj/ov'o/ 

m 2 ■ & Pl [+V P ] — > RM&kI+Vk]) 
is also nontrivial, and also their composition. This shows 

Proposition 1. Suppose K is an irreducible perverse sheaf so that the semisimple 
complex L = Rf*(K) = ie /mj Pi is perverse and not zero (i.e mi > 0). Then for 
every irreducible perverse constituent Pj ofL there exist nontrivial morphisms in 
the derived category 

RM^k)[v k ] — »• m 2 r 0>p\v P ] 

m 2 r & Pi [v P ] — > RM&> k )[vk] 
whose composition (in both directions) is not zero. 

Then Hom D (M,N[r]) = for perverse sheaves M,N and r < implies 

Corollary 1. Suppose K is an irreducible perverse sheaf for which the semisimple 
complexes L = Rf*(K) = 0,m, P, and Rf*(^K) are perverse with L ^ 0. Then 
Vk = Vp, holds for all irreducible perverse constituents P t ofL. 
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Since v Pi < dim(y), we also obtain from proposition [T] 

Rf t (K) ^0 and is in P =► v K < dim(F) . 

Definition. An irreducible perverse sheaf F on X is called maximal, if for 
every projection / : X — >■ 6 to a simple quotient abelian variety 6 of I the di- 
rect images Rf*(K x ) and Rf*(^K x ) are perverse and not zero for generic character 
twists X- 

Example. Perverse sheaves in M{X) are maximal. 

Define ju(X) to be the minimum of the dimensions of the simple abelian quo- 
tient varieties B ^ of X. 

Lemma 4. Suppose K is a maximal irreducible perverse sheaf. If Rf*(K x ) and 
Rf*^K x are perverse for f :X — > B and dim(fi) = fi(X), then 

v K < Mgj • 

In case ofchar(k) = this holds for any maximal perverse sheaf K. 

Proof. Vk only depends on K but not on % (property 8). It is shown in the 
relative vanishing theorem of [KrW], that for k of characteristic zero one can al- 
ways assume that L = Rf*{K x ) = Q) i m r P i andRf*(£P Kx ) = Rf ie (3 e Kx ) are perverse 
by applying a twist with a suitable generic character % : %\{X,Q) — > A*. If K is 
minimal we can therefore always dispose over the arguments from above. □ 

We remark that twists with characters %' : 7Fi(B,0) — > A* have the following 
effect: L = 0,P, changes into P x > = ®i{Pi) x >, and S^p. change as well into their 
^'-twist. This implies, that the morphisms constructed above are independent 
from twists of K with characters %' of ny{B,0). 

Functors revisited. Suppose given a homomorphism / : X — > Y of abelian va- 
rieties and semisimple perverse sheaves K and P (or complexes) on X and some 
integer v (by abuse of notation we then again write v = Vk) together with a com- 
mutative diagram 

K V *K 




i p So 
P[-v K ] 
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such that p o i = id. Then L = Rf*(K) = ;e/ ^[A,] and Q = Rf,{P) = ® ja Qj[H 
decomposes with simple perverse sheaves P ; and Qj. With these notations we get 

Theorem 1. For any ( shifted perverse ) constituent P, [A,-] ^ L there exists a ( shifted 
perverse) constituent Qj[kj] ^ Q such that 

v Ql <li{Qj) < v K -Xj < v Pi 

holds, and a constituent P v [Xt] ^ L such that Vp., <Vk~ A/ holds. 

Proof. Since Rf* is a tensor functor, we get the commutative diagram 

L V *L 




Q[-Vk] 



for the evaluation morphism eval L . For any direct factor C = p[A,] in L the eval- 
uation morphism of eval c :C y *C = P ; v [-A,-] *p[A,-] = P ; v *P ->■ So is induced by 
the evaluation morphism eval P ., which is computed via the upper horizontal mor- 
phisms of the next commutative diagram. The evaluation eval c is also obtained as 
the restriction of the evaluation morphism evah : L v * L — s> do to C v * C ^ L v * L. 
The evaluation morphism evalt is given by the lower horizontal morphisms of the 
next diagram. Altogether this implies the existence of a morphism <p 




Q[-v K ] 



making the following diagram commutative 



So 



L V *L~ 



Q[-Vk] 



So 
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Now we can decompose Q[— v K ] = je y Qj[Xj - Vk] and accordingly also the mor- 
phism <p, so that for at least one j e J we get a commutative diagram 

[~Vfl] <2; [A; - v*] . 




So 

with a nontrivial morphism fe 7 -, since the morphism p, = is not zero. Then of 
course also aj ^ and cj ^ 0. Now aj ^ implies — V/> < Xj — Vk, and cj ^ implies 
- v K ]) = Jt? k >- y '(Qj) + 0. Hence -v fl < A y - < < -v Qr 

Reversing the argument conversely we can construct a nontrivial morphism 
Qj[Xj - v K ] &p\-M 




5o 

for some constituent Pg [X?] <->■ L. □ 

We define v Q = miny(v e .) for the decomposition Q = (BjQj[Xj] and similarly 
define Vl = min^V/j) for the decomposition L = 0,^[A,]. A constituent Qj[Xj] re- 
spectively Pi[Xi\ is called minimal, if Vq, = Vq respectively V/> = Vl holds. If we 
apply the last theorem for a minimal constituent Pi[Xi] ^ L, then the properties 

Vk - Xj < Vp. = v L and v L < v P ., <v K - Xj imply 

v Pl , =v K - Xj = v Pi = v L ■ 

In particular P ? is also minimal and Qj [Xj - v K ] = Qj[-v L ]- Furthermore, the non- 
trivial morphisms 

aj : & P \-V P ] = & Pt [-V L ] — > Qj[Xj - V K ] = Qj[~M 

and similarly 

Qj[Xj - v K ] = Qj[-v L ] -> [-Vp,] = ^ [-v L ] 

imply <2; = ^/j, . By lemma [3] the degree of an irreducible perverse sheaf is the 
degree of its prime perverse sheaf, we conclude Vq = Vp t , = Vl. Hence there is also 
an isomorphism of shifted perverse sheaves Qj = &p r 
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Corollary 2. For every minimal Pf[Xi] <-> L = Rf*(K) there exists a prime con- 
stituent Qj[v K - Vl] Q = Rf*(P) with 

Qj = & Pi ■ 

An Application. Let & be a prime perverse sheaf on X, and consider the 
morphism a :X xX X and the prime perverse sheaf K = P=8 g ^8 g on XxX. 
Then v K = 2v i9 > and L = Ra*(K) = 8* * Notice that ^[-v<j»] ^ ^ * ^ (by 
lemma [3]) implies 

Vl < . 

Then by the last theorem and corollary the minimal constituents Pi[Xi\ give prime 
constituents <2/[A/] L such that Xj = v*: — Vl = 2vg? — Vl, and hence by the last 
inequality 

Xj > Vgs . 

Hard Lefschetz. For Qj [Xj] ^ L one has Qj [Xj — 2i] ^ L for all i = 0, • • Xj. Now 
since / = Vg» < Xj and Vk = 2vgg, this implies 

Qj[Xj-2v^] = Qj[-v L ]^L. 

But also °(<2j[— Vz,])o 7^ 0, since 2 y - is a prime perverse sheaf and it is minimal. 
By lemma 1.6 on the other hand there is a unique (shifted perverse) constituent 
in L = 2? * & with this property, namely 8^[—v^]. Hence <2/[— Vl] = ^[— v^] and 
therefore ^ ^[+v^]. 

This proves 

Lemma 5. For a prime & on X we have v = v@>. All minimal (shifted per- 
verse) constituents Qj[Xj\ <-> 8? * 8? attached to minimal {shifted perverse) con- 
stituents Pj[Xj] <->• 8? * 8? are isomorphic to 8?[+v@>] = 8? P \Xj\. 

For X let V+(X) be the maximum of all v^> for the irreducible prime perverse 
sheaves 8? on X with the property v@ < dim(X). For maximal primes & on X, i.e. 
vg<> = v+(X), we then get 

Corollary 3. Suppose 8? is a maximal irreducible perverse prime on X. Then 
8?* 8?^ ®iPi[Xi] such that either 8* P . =s 9> or 8 s Pi ^ 5^. 

Proof. For L = 8? * 8? we have shown Vl = V&>*@> = V@>. Hence for maximal 
& there are no (shifted perverse) constituents in L = 8? * 8? with v p > Vl except 
for & P . :^Sf' 'by lemma 1, part 2. □ 
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Corollary 4. Suppose K is an irreducible prime perverse sheaf on X with finite 
stabilizer H. Then for % : X -+X/H the direct image L = 7t*(K) is L = ® xe H>Pxf or 
a prime P onX/H with trivial stabilizer and Vp = Vk- Suppose K is an irreducible 
prime perverse sheaf on X with trivial stabilizer H. Then for any isogeny n : X — > Y 
the perverse sheaf L = tt* (K) is an irreducible prime perverse sheaf on Y with 
trivial stabilizer and the property v L = v K . 

Proof. By corollary [TJ we have L = and v Pj = v K and £P(Pi) = Pi for all sim- 
ple constituents P t . Since Homn(Pi,L) = Hom^P^n^K)) = Hom D (n*(Pi),K) and 
since L is semisimple and K is irreducible, there exist a surjective exact sequence 
of perverse sheaves on X 

0^Uj^K*(Pi)^K^0 . 

Now for Pj = P the direct image k*k*(P) = ® xe H*Px nas = ^ simple con- 
stituents. Applying the direct image to the exact sequence considered above for 
P i = P we get 

-> tc*(U) -> P x -> L -> . 

Since also L = k*{K) has #H simple constituents as shown above, therefore n*(U) = 
0. Since % is finite, hence U = and L = ® xeH > P x . This proves the first assertions. 

Now we come to the case where K is a prime perverse sheaf with trivial sta- 
bilizer and k : X — > Y is an isogeny. The discussion above carries over verbatim 
except that now J€~ Vk (L) = do- Therefore similarly as above one can show that 
L = P is an irreducible prime perverse sheaf onY. □ 

Corollary 5. Suppose k : X — > Y is a separable isogeny and K is an irreducible 
prime perverse sheaf on Y with pullback L = n*(K). Then there exists an irre- 
ducible prime perverse sheaf F with Vp = Vk such that L is isomorphic to the 
direct sum of translates T*(F), where x runs over the cosets of Kern{%) j Kern F {%) 
for Kern F (n) = {x G Kern(n) \ T*(F) = F}. Furthermore K X = K holds for all x 
whose pullback X o7I i(^) with respect to the isogeny % : X / Kern F (n) — > Y becomes 
trivial. 

Proof. By etale descent one can show for an irreducible perverse sheaf K 
the pullback L = n*(K) is a semisimple perverse sheaf and that the translations 
T* for x G Kern{n) act transitively on its simple constituents. Hence L = 0, F, for 
certain irreducible perverse sheaves f}. Obviously fi(K) = Vk< n(.Fi). Notice that 
7T*(L) = n*n*(K) = ® X K X implies 7r*(i^) = K x for some %. Since \i [F\) = /i(^(^-))> 
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therefore v K < fi(Fi) = n(n*(Fi)) = n(K x ) = v K and this implies n(Fi) = v K . Hence 
Vf : < Vk- But n*(Fi) = also implies Vf, = Vk by corollary \T\ This shows (Z 7 ,) = 
Vf, = Vk for all i. Hence all F, are extremal and therefore F = T*(F) holds for 
certain x t e X, where F is the unique constituent of L = k*(K) with the property 
'{F ) = ~ Vk (L) q = Jf~ VK (K) £S A. In particular F is a prime perverse sheaf 
on X and L is a direct sum of translates of F . This proves the first assertions. 

Since F is invariant under translation by KerriF(n), F descends to a perverse 
sheaf on X/Kern F (n) in the sense that F = p*{F) for p : X — > X/Kern F (n) and F 
is a constituent of tc*(K). Then Kernp(ft) = 0. We may therefore replace % by %, 
So for the remaining statement we can assume Kempix) = without restriction of 
generality. Then L = ® xeKern ( K ) T*(F) and hence 7T*(L) = #Kern(n) ■ n*(F). On the 
other hand 7r*(L) = ® x& K ern (ity K x- Both together implies that K X =K holds for all 
characters % f° r which %qKi (k) becomes trivial. □ 

Quasi-idempotents. We either work in D or in a hereditary localization Dh of 
D with respect to some hereditary class H as defined in [KrW], possibly of course 
also D H = D. Notice Honi^ H (P,Du >0 ) = for the image of a perverse sheaf P in 
Dh- For details and notation we refer to [KrW]. 

Fix an integer d. In the following let H* denote graded A-vector spaces such 
that H l = for |/| > d. Suppose P(X) is a class of irreducible perverse sheaves on 
X, closed under Tannaka duality such that in D 

K,LEP(X) => K*L ^ H'(K,L,Pi)-Pi © T 

iel 

for some complex T in Nh and P t in P(X) such that P t ^ Pj holds for i ^ j. 

Lemma 6. Suppose P e P(X) and Jf? - J (P) ^ 0. Then L[-d] ^K*Pfor K,L e 
P(X) but not in N implies K = L. 

Proof. Homv H {K*P,L[-d}) £ implies Homu H (P,K y *L[-d]) £ 0. Furthermore 
K y *L[-d] = (BiaH'(K v ,L,Pi) ■ Pi[-d] is contained in ie/ ^©D H >o . Therefore 
Hom\) n {P, ® ieI Pi ) ^ and this implies Hom DH (P,Pj) ^ for at least one i G /. 
Hence Homp(P,Pi) ^ by [KrW, lemma 25], since P and P t are simple perverse 
sheaves, so that P, ■ = P are isomorphic as perverse sheaves. This and the hard 
Lefschetz theorem define in D a retract P[-d] = Pi[-d] H'(K v ,L,Pi) -Pi^K v *L. 
Since J4f°(P[-d])* ^ 0, then Hom D (L,K) = Hom D (K v *L, So) = Jtf°{K y *L)* ^ and 
hence L = K. □ 

For the next lemma in addition we assume that for K,P,L e P(X) vanishing 
H- d (K,P,L) = in degree —d implies H*(K,P,L) = 0. 
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Lemma 7. For P e P(X) assume J^- d {P)o + 0. Then for K e P(X) 



K*P = H'(K,P,K)K 



( in Dh) • 



For primes P € no? in N wzY/z v P = d then dim(H d (P,P,P)) = 1 and 



furthermore for K e P{X) either H*(K,P,K) = H*(P,P,P) or H*(K,P,K) = 0. In 
particular P' * P = in Dh for all primes P' ^ P with the property Vp> = d and 
P' eP(X) butP' £N. 

Proo/. = ® ieI H'(K,P,Li) - Li for L, e implies U[-d) ^K*P, if 

H*(K,P,Li) ^ 0. Then L ; ^ K as shown in the last lemma. Next dim(H- d (P,P,P)) for 
primes P = 2? with Vp = d counts the multiplicity of &[d] as a summand ^[d] <-» 
^* 2 . This multiplicity is one by lemma 1, part 6 and the formula = & of 
lemma 4. Now use H' (K, P,K) ■ K*P = (K*P)*P = K*(P*P) =H'(P,P,P) -K*P 
in D H . Finally, if P * P' ^ in D H , then P*P'^ H*(P,P',P) ■ P = H*(P,P,P) ■ P. A 
comparison in degree -d with the similar formula with P replaced by P' gives 
P^P'. □ 

We remark that in the above setting P ^ &> K implies H*(K,P,K) ^ 0. 

Quasi-idempotent complexes. For given L = ® r i= _ r U[-i] with semisimple 
perverse sheaves L, assume 

1. L^L V and L_ r = L r ^0. 

2. L*L = H* -L for pr d : ^ A[-d] and H l = for \i\ > d. 

3. There exists a commutative diagram 



P*P = H'(P,P,P) P ; 



L V *L 
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Then H is selfdual and H ±d = A. These condition also imply 

H'-Jff(L) ^H'(X,L® c D(L)) , 

and both sides are independent of character twists, i.e. do not change under re- 
placing L by L x . Notice L y r = L_ r = L r . 

Since L r *L r ^0 (otherwise eval Lr = and hence L r = 0), then 2r < d + r, i.e. r < 
J. Let v(L) denote the minimum of all v c for an irreducible perverse constituent 
C of some L ( . For the perverse amplitude a(Li,Li) of L, *L t for C ^ L, we have 
v c < a(Li,Lj) <d + r-2i. For j = r this implies C <-» L r v c < <i — r, and hence 
v(L) < v c <<i-ror 

r< d-v(L) . 

The evaluation morphism eval c = eval c ^ of the direct summand C v *C = C[/] v * 
C[i] ^ L v *L is obtained by restriction of the evaluation eval L . Hence by property 
3) there exists a commuative diagram 

&C[-VC] Pj[Xj - d] 




So 

for some (shifted) irreducible summand Pj ^ L_x j 

Pj[Xj]^L. 

Then -v c < A, - <i and Xj - d < —n(Pj) < —v Pj are necessary conditions for a 
respectively b to be non-trivial. Hence v Pj < fJ.(Pj) <d-Xj< v c . For minimal C, 
i.e. with v c = v(L), this implies the equalities v P . = n(Pj) = d — X } ■ = v c = v(L) and 
then from the first equality g?c — Pj and Pj is again minimal. Notice Xj = d — v(L) 
and hence r < Xj by one of the inequalities above. Then of course Xj = r and 
therefore Pj[Xj] ^ L_ r [r], and then also 

Pj^L- r , r + v(L) = d. 

Thus we found a multi-map from minimal constituents C in L to perverse minimal 
prime constituents Pj in L r . On the other hand L y r = L_ r = L r , so for C in L r we get 
^cfvc] ^ C y * C ^ L r * L r . On the other hand we found v c < a(L n L r ) <d — r, so 
by the result d-r = v(L) from above this implies v c < v(L). In other words all 
perverse constituents C of L r are minimal, and a(L r ,L r ) = v(L). We claim that this 
implies that all perverse constituents of L_ r (and hence of L r ) are primes and that 
L± r is multiplicity free. 
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Proposition 2. Under the assumptions l)-3) on L the top and bottom perverse 
sheaves L r = L- r = 7 - mj ■ Kj are multiplicity free, i. e. mj = 1 holds, and all the 
constituents Kj are prime perverse sheaves with Vk } = d — r. 

Proof. Recall (L_,.) v ^ L r =s L_,.. Therefore m(K) = m(K w ) holds for the multi- 
plicities m{K) and m(K v ) of K and K y in L_ r , and hence for m ; - = m(Kj) 

mj ■ &> Ki [v Kj + 2r] mj ■ Kj [r] * Kj[r] ^ L_ r [r] * L- r [r] ^ L*L = H' - L . 
J j 

Since all Xj in L_ r are minimal, we get v Kj = v(L). Then v(L) + 2r = d + r implies 

mj ■ &> Kj ^ H'-L[-d - r] . 

i 

Therefore y mj ■ @> K . ^ H- d L_ r ^ L_ r and Zj, » K =.9> m j < m(&>). Since K e L± r 
implies ,9> = e L± r , by the minimality therefore m(^) = 1 and mj = holds 
for all Kj which are not primes. □ 

Additional Axioms. Let L(X) denote the isomorphism classes of simple con- 
stituents Pj[kj] of the semisimple complex L = 7 -m ; - • Pj[kj] with Pj in P. Then 
L(X) is closed under Tannaka duality such that for K,L in L(X) 

K,LeP(X) K*L ^ H'(K,L,Pi) Pi 

iei 

holds for certain P ; in L(X); again we assume p ^ P y for / ^ j. Then H'(K,L,Q) = 
holds for |/| > d, L* L = H' ■ L. In addition to the properties l)-3) for L now 
assume the further properties: 4) H*(K,L,Pi) ^ implies H~ d (K,L,Pi) ^ and: 5) 
H'(K,P,Li) ^ implies H +d (K,P,Li) ^ 0. For primes ^ e L r now put 

P:= ^[ r ] G L_,-[r] <->■ L . 

Then P e L(Z) and jr^(P) = ^~ Vj> (^) + holds, as well as #om D (P,p) ^ 
=> P p for all P G L(X). Finally P[d] <h> P*P is equivalent to &[Vg>] = ^[rf - 
r] ^ ^ * J 2 , so that again dim(H~ d (P,P,P)) = 1. By a careful examination of the 
proofs of lemma [6] and [7] this shows that all arguments of the proofs of these two 
lemmas carry over verbatim in our new setting. We obtain 

Proposition 3. Assume L is a complex with the properties 1 )-5)from above. Then 
for any prime 8? in L_ r = L r and P := ^[r] £ Lfor K £ L(X) we have in D 

K*P = H*(P,P,P)K or K*P = 0. 
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with H d (P,P,P) = A[d]. In particular for nonisomorphic primes and 8?' in L , 
we get & * = 0. Hence L decomposes L = 0,^L^ such that {Lg>)- r = ^[r] and 
Lff>*L&>, = 0for 9> ¥ 3>. 



Example. Suppose * = H'(^) ■ g? © T for a prime perverse sheaf & on 
Y with Vff> = d, H ±d ^ and a complex T. Suppose / : Y — > X has the property 
Rf*(T) e H and Rf+^P) € Ph; in other words Rf*(&) = ©- = i m-Pi © T' for per- 
verse sheaves P, and a complex T e H. Then P(X) = {Pi,...,P r } has the properties 
formulated above. All p are primes by proposition |2] (we have to use the analog 
of corollary for the category Dh instead of D. Obviously P * P y e P{X), since it is a 
retract of RM&)* 2 =Rf*.(&>* 2 ) =Rf*{H'(&>) -&>&T), which is in 
D H . Also P(X) is closed under the Tannaka duality as an immediate consequence 
of & y = Finally Vg» t = V&> = d holds by corollary [T] (its Dh version). 

Cohomology. For irreducible K e Perv{X) define 5? (K) as the set of characters 
X such that H'(X,K X ) ^ H°(X,K X ). For %&y(K) define ^(*T) to be the maximal 
i such that H'(X,K X ) ^ 0. By the hard Lefschetz theorem H'(X,K X ) = holds for 
\i\>h x (K)<mdh x (K)=h x (K^>0. 

For K £E(X) the property H*(X,K X ) = H°(X,K X ) is equivalent to H'(X,K X ) = 
using the preservation of the Euler characteristic under character twists. Hence 
for v K > this shows % e ^{K) iff H m (X,K x ) + 0. Hence £*r[±Vr] ^K*K V and 
*T[±V^] ^ * imply 



v* >o y(& K ) = y(K) 



Furthermore h x (^ K ) + v K < h x (K) +h x (K v ) and h x (K) + v K < h x (K) +h x (^ K ) im- 
ply 



Hence we can write h x (K) = VK + e x (K) so that for all % e S*(K) we obtain in- 
equalities 



< e x (0> K ) <2-e x (K) for^G^(^). 



Relative case. For a homomorphsm / : X — > Y define h x (K) for all % such that 
Rf*(K x ) ^ to be the maximal i such that PH'(Rf*(K x )) + 0. Since H k (X,K x ) = 
@i+j=kH l (X, p Hi(B,Rf if (K x )) by the decomposition theorem, we obtain 

h x (K) = mm{j + h(PHi(RMK x ))) 
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where the maximum is taken over all j such that p Hi(Rf*{K x )) ^ where h(F) := 
h(F). If Rf*{K x ) ^ is perverse, then h x {K) = h(Rf*(K x )). For all % e y(K) 

h x (K) < dim(A)+^(0^ ! (^(^))) . 

Let P = K be an irreducible prime perverse sheaf on X and / : X — > Y be 
a homomorphism. Then for every irreducible constituent <2/[Ay] of L = Rf*{P) 
with perverse g 7 we have > h(Qj) + cif(Qj) > h(Qj) + Xj, where a/(<2) = 
max{A|<2[A] L} for a perverse sheaf Q. On the other hand by theorem [T]for 
every constituent ^ L there exists some irreducible perverse sheaf Qj with 
Qj[kj] ^ L and Vp — Ay < Vp.. For this particular Qj[Xj\ we conclude Vp < Xj + Vp. 
Now -Vp > —Xj — Vp together with h(P) > h(Qj) + Xj gives the estimate e(P) = 
h{P) — Vp > h(Qj) — Vp.. If Pi is chosen minimal, then Qj = =^p by corollary |2] 
Therefore e(<2/) = HQj) — Vq j = h(Qj) — vp. So corollary |2]implies 

Lemma 8. For a prime perverse sheaf P on X and a homomorphism f : X -^Y 
there exists a prime perverse sheaf Q on Y such that Q[vp — Vz] Rf*(P) holds 
and e(Q) < e(P). Furthermore Q[vp — Vj} is a minimal constituent ofRf^(P). 

References 

[BBD] Belinson A., Bernstein J., Deligne P., Faiscaux pervers, Asterisque 100 
(1982) 

[D] Deligne P., Categories Tensorielles, Moscow Math. Journal, vol. 2, n.2, 
(2002), 227 - 248 

[KrW] Kramer T, Weissauer R., Vanishing theorems for constructible sheaves on 
abelian varieties, larXiv: 1111 .49471 ^2 (2011) 

[BN] Weissauer R., Brill-Noether sheaves. larXiv : math/06 109231 4 (2007) 

[W2] Weissauer R., A remark on the rigidity of BN-sheaves, arXi v:! 11 1.6 095 
(2011) 



23 



